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1.  Introduction 


As  described  in  the  publication  “Two-Frequency  Excitation  of  a  Ferromagnetic  Micro  wire”  (7), 
the  remote  sensing  of  ferroelectric  microwires  based  on  ferromagnetic  resonance  (FMR)  has 
been  proposed  as  a  way  to  passively  collect  information  from  a  novel  type  of  “radio  frequency 
identification  (RFID)  card”  that  can  be  attached  to  a  target  under  surveillance  (2). 
Implementation  of  this  proposal  requires  a  careful  study  of  the  external  scattering  problem  of 
electromagnetic  (EM)  waves  from  the  microwire,  which  is  the  topic  of  this  technical  report.  A 
detailed  description  of  the  physics  of  ferromagnetic  microwires  can  be  found  in  reference  1  and 
ARL-TR-6114  (2). 


2.  The  Wire  Problem 


Assume  that  a  ferroelectric  microwire  located  at  the  coordinate  origin  and  oriented  vertical  to  the 
ground,  i.e.,  along  the  “z-axis”,  is  illuminated  by  two  external  magnetic  fields,  which  we  refer  to 
as  “signal”  and  “pump”  fields,  both  of  which  are  the  magnetic  components  of  linearly  polarized 
EM  beams.  The  “illumination”  geometries  correspond  to  radar  applications:  if  both  beams 
originate  from  the  same  antenna,  we  speak  of  a  “monostatic”  geometry,  while  for  signals 
originating  from  different  antennas  the  geometry  is  referred  to  as  “bistatic.”  In  this  report,  we 
discuss  the  monostatic  scenario  only,  i.e.,  we  assume  that  both  beams  originate  from  the  same 
antenna  and  propagate  horizontally  and  parallel  to  one  another  along,  e.g.,  the  x-axis.  The 
geometry  is  shown  in  figure  1 . 


Figure  1  Monostatic  geometry  for  wire  illumination — propagation  vector. 
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The  two  fields  are  characterized  by  both  spatial  and  temporal  phase  information,  i.e.,  if 
(  ^px  »  ^\)y  »  ^pz )  ,  (-^sx’-^sy  »^sz) 


are  real  magnitudes  of  the  (strong)  pump  field  and  the 


(weak)  signal  field,  the  amplitudes  of  the  rectangular  components  of  the  fields  are  given  by 
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polarization  is  included  by  letting  Px  ^  .  For  our  case,  we  assume  that  the  pump  field 

hDr  —  0  hDV  —  0  ^oz  — 

at  the  antenna  is  linearly  polarized  along  the  z-axis,  so  that  F  ,  and  F  F  , 

#rj  , 

where  F  is  the  total  pump-field  magnitude.  In  the  same  way,  the  (weak)  signal  field  at  the 
antenna  is  linearly  polarized  in  the  yz  plane,  with  its  electric  field  vector  making  an  angle  cp  with 

the  z-axis,  having  components  ^sx  ~  ^  V ,sv  ^scC0S(P^  an(j  h sz  ~  ^s<rs*nlP!  where  is  the 
total  signal-field  magnitude.  Then,  the  wave  components  at  the  target  are 
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Following  reference  1 ,  we  introduce  the  following  complex  fields  (italics) 
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and  the  circular  field  components,  defined  as  follows: 
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In  order  to  estimate  the  power  radiated  by  FMR  excitation  of  the  microwire,  it  is  necessary  first 
to  describe  the  dynamics  of  its  magnetization  in  the  presence  of  an  external  time-dependent 
magnetic  field.  These  dynamics  are  governed  by  the  Landau -Lif shits -Gilbert  (LLG)  equation  (4): 
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(4) 


The  material  parameters  of  the  wire  include  M  t ,  the  static  magnetization  of  the  material;  y,  the 
gyromagnetic  ratio;  and  a,  the  damping  constant.  ^ ejj  (*)  is  an  effective  magnetic  field,  which 

includes  the  DC  anisotropy  field  Ha  that  fixes  the  direction  of  M  t  in  the  material,  the 

depolarization  field  (5)  due  to  the  body’s  shape,  and  the  external  time-dependent  applied  field. 
Note  that  in  the  absence  of  an  ac  magnetic  field,  there  is  no  depolarization  field,  and  so 
M st  x  Ha  =  0  under  DC  conditions,  i.e.,  there  is  no  DC  torque.  The  first  term  is  the  torque 

exerted  by  the  effective  magnetic  field  H  (/)  >  while  the  second  term  gives  rise  to  damping  via 


eddy  currents  (6).  The  form  of  this  equation  implies  that  M  * 


dM 

dt 
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M 


is  constant  in  time. 


The  RF  magnetic  field  h(t)  generates  an  RF  magnetization  m  that  under  remote- sensing 

conditions  is  small  compared  to  M  t .  The  dynamics  of  this  magnetization,  in  particular  its  decay 

with  time,  is  strongly  affected  by  the  conservation  of  length  of  the  total  magnetization  vector, 
whose  endpoint  is  constrained  to  lie  on  a  spherical  surface  at  all  times. 


Let  us  further  specify  the  perturbed  magnetization  and  effective  magnetic  field  in  the  LLG 
equation  as  follows:  M  -  M st  +  m  ,  -  Ha  +  h  -  Nm ,  where  M st  x  Ha  =  0  and 
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is  the  depolarization  tensor;  for  a  long  wire,  N  =  1/2  and  Nz  «  0 .  As  described  in  reference  1 , 
we  can  introduce  a  scaled  dimensionless  magnetization  g  such  that  m  =  M  t  g .  In  general,  this 
magnetization  has  three  components gx,gy,gz,  where  gz  is  the  component  of  g  parallel  to  the 

wire  and  (gx  ,gy  jis  a  two-dimensional  vector  perpendicular  to  the  wire,  with  the  latter  small 

compared  to  the  former.  As  shown  in  reference  1 ,  under  weak-signal  conditions  the 
perpendicular  components  of  the  dimensionless  magnetization  can  be  expressed  in  terms  of  a 
single  complex  number  Q  at  each  illuminating  frequency,  expressions  for  which  are 
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In  the  geometry  we  have  chosen,  these  expressions  become 
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3.  Nonlinear  Response:  Second  Order 


From  reference  1,  we  find  that,  to  second  order,  the  wire  response  functions  satisfy  the  equations 
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we  obtain  the  following  expressions  for  the  source  terms: 
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Let  us  write  the  second-order  response  in  the  following  spectral  form: 
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/  1  -  * 

+h  — 

P^co 


* 


1 


-  Hv-  +h  - 1 - Hv+ 

)g  +  co  ?+  caco  p  F  P^  cog  -  ©  p-  caco  p  F 


y 


y 


\ 


\2u>b  ) 


h 


- II 

,s-ia^s  s+ 


1  *  *  1 

i  -  //i- _  +  h  - 

szi  +  4s+ia4s  s  sz 

1  *  *  1 

vh  - /yn_  +  h  -  Hn  , 

pzi  +  5p+/a5p  P  pzi-^p-ia^p  p+ 


(17) 
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The  sum-frequency  response  C^  s+^  is 

(“  -  ‘)^2,s+p  +  “fi?  2, s+p  =  [~+z£l 

h  r  n+Hn,  + h  r  //  )e  ,tos+p 
sz  P+  P+  pz  s+  s+ J 


_  _  Y 
2 


s+p 
— /ox,  t 


\hsYp_Hp_  +  hprs_HA  e+m^‘ 


cco  / 

bn,  ,  ,e  r  +60  , 
2,s+p+  2,s+p- 


^+/cos+p/ 


^a  +  '^^2,s+p  +aB<3 2,s+p  -[“TM/i 

h  r  i  h  rs_//s  _)<■  ,0’s+p 

yl  V  sz  P  P  r>7  5  5  ) 

2 ,  / 

+  h  riU_H1u_+h  r  H 
l  sz  P+  P+  pz  s+  s+ 


(18) 


s+p 


* 


□ 


-/co  / 

Sn,  _ .  _  e  r  +*S 


2,s+p- 


2,s+p+ 


*  +/c°s+p* 


Cjn  _  =-I 

^2, s+p  2 


*2,s+p+  ?ws+pr 


^2, s+p-  ^+?cos+p^ 


- - e  r  +  - - 

-  03  s+p-  *aco  s+p  +  co  s+p+  /aco  s+p 


_  _  Y 
2 


h  rn,Hru_+h  r  h  _im  t  \  h  rv_Hv_  +  h  rs_//s_]  ,•  t 

sz  P+  P+  pz  s+  S+  ?(DS+pr+V  SZ  P  P  pz  s  S  )  ^+ms+pT 


®J5  03  s+p  /aco  s+p 


®fl+®s+p+*a®  s+p 


P+ 


- h  HV)+ 

-cos+p-iaco  s+p  SZ  P 
+ - - /z  H 


-cos+p-iaco  s+p  PZ  S+ 


^S+P^ 


- ^ - h  *  //p_* 

(0™  +  CO  „ ,  _+  /aco  „  ,  _  SZ  r 


JB  ""s+p  1  s+p 

1  * 
s- 


+(Ds+p+/a(Ds+p  PZ 


1  *  rj  * 

h  Hq_ 


(19) 


>  e 


+/cos+pr 


h  Hn+ 
s  z  P+ 


®  s+p- ?a(0  s+pjl^B  -  w  p- ?a(0  pj 

h  H 
pz  s+ 


(Og  -  co  s+p- 1 aco  s+pj^g  -  co  s-  «aco 


-/(0s+p?  , 

e  r 


,  *  rj  * 

h  Hn_ 

sz  P 


CO g  +  CO  iCXCO  s+pjy^g  i  (0  p+  iOCCO  pj 


pz 


cOg  +  co  g^p-!-  *aco  s+pjy^g  i  co  iocco  ^ 


+/(Os+pC 


(20) 


r  ^ 
y 

v2coey 


/7sz(/7P-r  +  'V ) 

hsz  (;V  *V) 

< 

(l-^s+p-^  s+p)(l-^p-^p) 
/7pz(/7SX  +  '\v  ) 

TO 

1 

s' 

Cfi 

+ 

73 

+ 

(i  +  ^s+p+ict^  s+p)(l  +  ^p+^p) 

/7pz  (^SX  -  ,7,sv  ) 

+m  t 
■  e  F 

(l-^s+p-^s+p)(l-^s-^s) 

(l  +  ^s+p+^  s+p)(l  +  ^s+^s) 
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Finally,  the  difference-frequency  response  G 9  _  is 

z,s  p 


•  \  d 


(a_,)a^2,s-p  +  ®B^2,s-p“rYh^l 


s-p 


*  *  * 

/z  rn,  //'  ,  +  /z  F_//Q_  e 
sz  P+  P+  pz 


+1  h  r n_  Hr>_  +h  rc_i _HC 


?cos-p^ 


sz  P-  P- 


pz 


s+  s+ 


+ 1  CD  ^ _ jp  t 


l  CO  ^ ^  + 1  CO  ^ _ p/ 

S~  ,  e  F  H-.S'o  e  F 

2,s-p+  2,s-p- 


(21) 


(a  +  ,')ls2,s-p  +C0B^2,S-P  -  [-^^1 


s-p 


*  *  * 

/z  rn_  //n_  +  h  rc ,  //c ,  e 

sz  p  p  pz  s+ 


/cos+pr 


+1  h  rn,  i/n I  +  h  rs_//s_ 

sz  P+  P+  pz 


+/cos  V 


zcos+  r 

2,  s-p-  2,s-pf 


*e+ms+pf 


2, s-p  2 


^2,  s-pf  -7(0s-p^  ^2,s-p- 

- - - e  r  H - - — 


+i(0 


^B  07  s-p  ia(X>  s-p 


(Og  +  (o  s_p+ 1 aco  s_p 


s— pT 


*  *  *  (  *  *  * 

h  rn .  h„  .  +  h  r •  .  h  rv_  hv_  +  h  rs+//s+l  .  . 

SZ  P+  P+  pz  S  S  +V  SZ  P  P  pz  S+  S+j  +ltos-tf 


07  s-p  iaco  s-p 


P+ 


tt’fl  07  s-p  iaco  s-p 

r 


h  Hn+ 
sz  P+ 


H 


o)g-cOs-p-!ao)s-p  PZ  s- 


h  Hv+ 

sz  P+ 


(Og  +  (o  s_p+  «aco  s_p 

rT 


10)  q _ r\f 

e  v  +  <! 


p- 


- h  Hv- 

+(»s-p+,'a®s-p  SZ 


s+ 


°°g  +  co  s_p+  iaco  s_p  PZ 


H, 


s+ 


+iCO 


S-pf 


cog  -  co  s-p-  ia(a  s-p)((0g  -  co  p+  caco  pj 


h  H 
pz  s- 


( 


JB  UJ  s-p 


(oD  -  co  c_n-  «aco  s_n  coD  +  co  s- 1 aco 


1  “s 


I0)s-p^  ,  . 


h  Hv_ 

sz _ P 


co g  +  co  £_p+  iaco  s— pj  +  co  p+  iaco 
H* 


pz 


s+ 


T  S_p 


-P)(> 


co  D  +  co  o_rj+  iaco  c_n  II  co  r>  +  co  o+  iaco 


’B  s 


+iCO 


s-[f 


f  \ 

y 


v2cosy 


* 

/7sz(v  +  lhv y ) 

/7sz  (V“  ,/7py ) 

(l  -  ^  s-p-  S-p)  (l  -  ^  p+  ,a^>  p) 

i'cos_pZ 

>  P  r  A-  < 

(l  +  4  S-p+  ,a^>  S-p)(^  +  ^  p+  ,a^>  p) 

+/co  s— r/ 

>  p  1 

^7p-  (/7sx  ~  Ay ) 

'  C-  i 

/7pi/7sA-  +  Ay ) 

c 

(l  -  4  s-p-  7a^>  s-p)(1  +  ^  s  -  7a^>  s) 

(l  +  s-p+  ?a^>  s-p)(^ -  ^  s+  s) 

(22) 


The  various  numerators  of  these  terms  are  evaluated  according  to  our  scenario:  for  the  sum- 
frequency  response  5+p » 
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hpx  +  ihpy  ~  ^pxe 


iQpx  .-r  &py 
+  iHpye 


,  hpZ  -  ?fpZe  sz 


^px  ~  0  ’  Hp y  -  0  ,  JfpZ  -  ?fpC  ,  0pZ  -  0 


*®SX  h  -  or  1% Z 

,  nsz  -  stsze 


h^x  +  ihSy  -  ffsxe  +  i^sye 
H sx  -  0  ,  J£$y  =  #sccosq) ,  ?fsz  =  yfscsin(p  ,  0  y  =  0 , 0Z  =  0 

^sz^Px  +  )  =  ^scsin(P(0) 

/2p7(/zsx  +  y )  =  H-p c  (2#scC0S(p) 

\z  (^P x-ihpy)  ~  -^scs^n(p(^) 

/2pz  ( ^sx  -  i^sy )  =  Hp c  (/^scC0S(p) 

(0)Wscsmcp 


(23) 


^2, 


s+p 


f  \ 

_ Y 

v2(0s ; 


f  \ 

Y 

V2cofi  ) 


#pc#scC0S(P 


(*  ^s+p  ia^  S+p)l 
^pc  ( 

4-^p-/a^p) 

ccoscp) 

-  ^  s+p-  za4  S+f 

fl 

,)(l-^s-^s) 

-/(0s+p2  , 


(0)Wscsmcp  | 

1  +  ^  s+p+ia4  s+p) ^ 
^pc  (z22s 

h  +  Sp+ia^p) 

ccoscp) 

(l  +  ^  s+p+  ia^>  S+f 

,)(1  +  ^s+I'a^s) 

-/co  s+p2 


[(*  ^  s+p  ia^  S+p)!1  ?a4 

and  for  the  difference-frequency  response  v_p  > 


(i  +  ^s+p  +  *'<*£,  s+p)(l  +  ^s+^ 


+i(°s+pt 


+I®sV 


(24) 


/2px  +  //Zpy  - 


'"i"  •  ,//pv,  iepy 


•  y z  -  ze  sz 


^px  ~  ^  ’  ^py  _  0  ’  Hp z  ~  -ttpc  ’  ®pz  _  ^ 


— /0 

^sx  +  2^s y  =  -^sxe  SX  +  i^sye 


-z0QA7  _/0 

■V  •  ^  SZ 


J~CSX  =  0  ,  !KSy  =  #sccoscp  ,  =  yfscsincp  ,  0y  =  0 , 0^  =  0 


* 

(hpx  +  2/2py )  \z  =  (0)  #scsin(P 
/7pz  (^sx  _  2^sy )  =  -rfpc  (-^scC0S(p) 
(V  -//zpy)  ^  =  (°)#scsincP 
^Ijhx  +  2^s y )  =  M-p c  (-2^scC0S(p) 


(25) 
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^2,s-p  “  “ 


f  \ 
Y 

V2c05  ) 


(0)^Yscsin(p 

(0)yYscsin(p 

(l  -  ^  s-p- zab  s-p) (l  -  ^  p+  zab  p) 

ZCO  s_pf 

(l  +  ^  s_p+  za^  s-p)(^  +  ^  p-  za^  p) 

1 

C/D 

3 

+ 

<! 

#pc  (-z#scCOS(p) 

*  6  +  * 

#p c  (-z#scC0S(p) 

(l  ~  ^  s-p-  za4  s-p)  (l  +  ^  s-  zab  s) 

(l  +  ^  s-p+  za4  S-p)(l  -  ^  s+  za4  s) 

(26) 


Y  Y 

_ Y 

V2oiB  ) 


#pc#scC0S(P 


(l  ^  s-p  za^s-p)(l  +  ^s  za^  s) 

For  the  z  -  component  terms,  we  find 


ZC0S-t/ 

e  *+■ 


+zco 


(l  +  ^  s-p+  zcx,^  s-p)(l  ^  s+ za^  s) 


s-pf 


1  ^  i  ^  i 

_  1  /n  /n  1  /n  /n  1 

gz2,s  =  _oyi  =  _9yi,s  yi,s  =  _9 


z'  Y 


V  0)B  J 


2  2 
^fsc  COS  (p 


Z  -ZCDnY 

■e  b  + 


f  \ 

J_ 

J 


2  2 

!KSC  cos  (p 


l-cs  -  /a^s 
2 


Z  ZCOnY 

- £  ^ 


1  +  £,s  +  za£,s 


(l-^sf+aV  (1  +  ^f+aV 


1 


1  -  1  +  cs  -  z'a^ 


1  -2mJ 

■e  s  + 


1 


1-^s  +/a^s  1  +  ^s  +/a^ 


1  2mJ 

- e  * 


(27) 


1 

^z2,p  _  2^1’P  ^bp 


which  do  not  contain  sum  or  difference  contributions. 


4.  Nonlinear  Response:  Third  Order 


When  the  pump  field  polarization  is  linear  and  “vertical,”  the  third-order  equation  reads 


a 


(a~i)^~t^3  +  CdB^3~~yh^2 


dt 

(a  +  z)  — =-yhzg2 


where  Cj2  is  the  second-order  response 


(28) 
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^2  “  9 2, 2s  +  ^2,2p  +  6’2,s+p  +  ?2,s-p  +  ^2,0 


A  s 

y 

2 

i 

;  i 

cM 

X 

+ 

CM 

Vi 

2C0R 

V  B  J 

M2S-iaiM1_i^ 

—Im-t 
e  s  + 


h  *| 
sz 

[^sx  ' 

i^sy ) 

* 

1 

(l  +  ^2s+ia^2s) 

1(1  + 5s 

;  +  ) 

+2m§t 


[2u>b  J 


%  17 (V  +  //?P.V  ) 


-2/(Opf 


/;p-  (;V  //zP.v ) 


+2/c0pf 


/2sz(V'  +  lhvy  ) 

1  ^s+p  ia^  s+p)l 
hvz{Jhx  - 

M: 

f  ih§y 

p  ,  ,/i-  p) 

) 

(1_^  S+p_2a^  S+f 

,)(l-^s-^  s) 

1  +  ^2p+/a^2p)(1  +  ^P+/a^p) 

/zsz  (hvx  ~  lhpy ) 


ye'^+i 


f  \ 

y 

v  2oM ; 


* 

\  z(hPx  +  lhpy  ) 

1  £,  s_p  iat,  s_pj| 

hpz  (lhx 

(lMP+«Mp) 

-  tllSy  j 

_  ^  S-p“  ia%  s-] 

^(t  +  ^s-^s) 

£CD  c _ r-\^ 

S  F+^ 


(l  +  ^s+p+*a£ 

h  * 

Pz 

s+p) 1 
iyhX  ' 

Mi 

-  lhSy 

p+  /a  2  pj 
* 

) 

+  ^  s+p+2a^>  S+f 

\z  ( V  " 

))(m 
ihpy ) 

;  s+  ?(M  s) 

(l  +  ^s_p+/a£ 

h  i 

+  .  PZ 

5  S-p)(1+^ 
{/hx  +  ihsy ) 

p+  ia't  pj 
* 

;  f 


+i®sV 


(l  +  s-p+  ,(M  S-p)(l  M+,a^>s) 


+m 


s-j/ 


(29) 


2oo 


5 


/j  rs_*#s_*  +  h_  rn_*//n_*+/z  *r  h  +h_  *rn+Hr 


sz 


pz  P  P  sz  s+  s+  pz  P+  P+ 


Denoting  the  quantities  with  dimensionless  denominators  by  Q,  we  write 


9i~- 


r  ^ 

y 

V2co5  9 


m  -2m^t  „  +2ico^t 

D  2s+e  +D  2s- e 


+  D  rv  +  D 


0  1  u  2p+ 


-2icont  +2icont 

?  p  +□  0  e  p 

2p- 


iCOs+pr  n  +m)s+pt  *co 

s+pM  s+p-e  s-p+e 


s-f/ 


+  ^  s— p—  e 


+m  s—  pf 


(30) 


where 
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2s+ 


2s- 


,(/hx  +  i\y ) 


^fscsincp(+z27fsccoscp) 


i7fsc2sin(pcos(p 


(1_52s-'a§2s) 
(  ,,SA  ' 

1(1-4  s-z'a4s)  | 

n* 

-  z7zsv  j 

Ji-^s -za42s)(1-4s-za4s)  i 
Jfs  c  sinq>  (■ +  i  !K sc  co  scp ) 

-za42s)(1-4s-za4s) 

#fsc2sin(pcos(p 

(l  +  52s+1'a^2s) 

l(i  +  4s  +za4s)  1 

(l  +  42s+ia^2s' 

|(l+4s  +z'a4s) 

(i+42s+<a§2s' 

|(l  +  4  s+z'a4s) 

0 


\ z{hx  ~  ihsy )  /zp-(V'  lhPy )  hsz  [}hx  +  uhy )  hpZ  ( V  +  ?/*P-v ) 

l  +  4s+za4s  1  +  4p+z'a4p  l-^s-/a^s  l-^p-/a^p 

J/'scsin(p(+/^/'sccos(p)  Hpc  (0)  !7fscsincp(+z!7/'sccoscp)  #pC  (0) 


l  +  4s+za4s 

^fsc2sin(pcos(p 


1+^p+za^p  l-£s-*a£s  1-^p-za^ 


□ 


l  +  4s+za4s  i-^s-^s 
hvz(hvx  +  lhpy  ) 


2p+ 


^p C  (0) 


('  -  52s  -  iahS  )Mp-  ia5p )  (!  -  ^2s  -  ia^2s  K1  -  5p  -  ia5p ) 


2p- 


pz 


( hpx  'hpy  ) 


?fpc  (0) 


(31) 


□ 


1  +  ^2p  +  za42p  Mp  +  /a^P )  1  +  ^2p  +  /a^2p  H1  +  ^P  +  /a^P ) 


hpzi^x  +  z7zs) 


=  0 


hsz{hpx  +  z/7p,y ) 


1  ^  s+p  ia^  s+pK1  ^p  za^  p)  (l  ^  s+p  za^  s+p)  ( 1  za4  s) 

^scsin(p(0)  #pc  (+z'#scC0S(P) 


1  -  4  s+p-  z'«4  s+p) (i  ■ -  4  p-  z'<*4  p)  (l  -  4  s+p-  z'<*4  s+p)  (l  ~  4  s"  za4  s) 
(7V  _z/tpv) 


#pc#scCOS(P 


1-4  s+p- za^  s+p)(1-^s-/a4s) 


^p-  (\v  Z\\ 


s+p- 


1  + £,  s+p+  iat,  S+P)(l  + 4  p+  ia^  p)  (l  +  \  S+P+  iat,  s+p)(l  +  £,  s+  z'<*4  s) 
tfscsm(p(0)  #pc  (+^sccos(p) 


□ 


(i  +  4  s+p+  za4  s+p)  I1  +  4  p+ za4  p)  (l  +  4  s+p+ ia 4  s+Jf1  +  4  S+  za4  s) 

* 

hsz(hpx+lhpy) 


=  #pc#scCOS(P 


^  +  4  s+p+  za4  s+p)(^  +  4  S  +  za4  s) 


hpz  (7ls*  z/zs  \ 


(i  4  s-p  za4  s-p)(i  4p+za4p)  (i  4  s-p  za4  s-p)(1  +  4s  za4s) 
tfscsin(p(0)  #pc  H#scCOS(P) 


□ 


(i  4  s-p  za4  s-p)(i  4p+za4p)  (i  4  s-p  za4  s-p)(1  +  4  s  za4s) 
7lS 7  (  V  _  Z\v  )  Vi ^  +  ^ 


#pc#scC0S(P 


(i  4  s-p  za4  s-p)(i  +  4s  za4  s)  (32) 


(i +  4  s-p+  za4  s-p)(i +  4  p+  za4  p)  (i  +  4  s-p+  za4  s-p)(i  4s+za4s) 

#scsin(p(0)  #pc  (-i^sccoscp) 


(l  +  4  s-p+ za4  s-p)(i +  4  p+ za4  p)  (i  +  4  s-p+  za4  s-p)(i  4s+za4s) 


#pc#scC0S(P 


(i  + 4  s-p+za4  s-p)(i  4  s+za4  s) 
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We  obtain  the  general  source  terms  from  the  spectral  decomposition  of  h^C^ : 


I  -/co  t  -zco,  t  I 
hzg2=Rc\h  e  “  +h  e 


f ,  —l  COot  ^ 

he  * 
s  z 


+h  e 

pz 


-/cOpt 


,  *  +Z  CO  J 

+h  e  s 
sz 

>i<  +zconZ 
+h  e  p 

V 


[— i  2  i  C0c  t  „ 

□  2s+e  +0 


+2zCOoZ 


2s- 


S‘+D0  +  D2p+e 


-Im^t 


+  []/-»  e 
2  p- 


+2/cOpt 


— zco  ,  Z  +zco  ,  Z 

+D  s+p+e  +D  s+p-e  +D 


-ZCO 


s-p+l 


s-f/ 


+ZCO 


5-/7- 


s— j/ 


(33) 


7  Z  COc  Z 
h  e  * 
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J 
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s  +□  o_  e  s  +□  A  +  □ 


+3  s+p+e 


~zcos+pr 


25- 

+■□ 


=  h  D  0  ^  +  h  0  e 

SZ  25+  SZ  2  5 


5+/7- 

+zcocz 


+/cos+pz 


(T  J  2/7+ 
+  □ 


-2zconz  +2zconz 

e  P  +□ 0  e  P 

2  P~ 


5-/7+ ‘ 


/cos_pZ  '  |  +m  s_pf 


s'  +  /z  □  +fc  □ 


1  u  nc 

SZ  U 


+  3  s—p— e 
-z|2c0p  +  cos  j 


^  LI  o  n  I 

sz 


— z"  ^2cos  +  ©pjz 


+  h  □ 


sz  *+/?- 


+ZC0»->Z 

?  P  +h  □ 


sz  2  p+ 

-i  (2cos  -  cop) 


Z  +z 

+  h  D  ^  e 
sz  2/7- 


z  ^2c0p  -  cos  jz 


sz  s~p+ 


+  h  D  c_  6 
sz  A  " 


-m 


I? 


-zconz 
h  e  P 
pz 


-2zcocz 


-2  zow 


25+* 


25- 


+2zcosz  n  n  _^tuJp  n 

+  n0+D2/7+e  +n  2/7- 


+2zc0pZ 


-ZCO-  ,  „.Z  +Z(Q„  ,  „Z 

+n  Si”P 

+U  5+/7+e 


ll^s+p''  r  —ico  §— p^ 

+  D  y_|_p_<?  +  D  c_  n4_6  +  D 


+ZC0 


5-/7+‘ 


5-/7- 


s— pf 


h  1 1  0  e 
pz  25+ 


+h  n  v.  n+e 
pz  S+P+ 


-i  |2cos  +  copjz 


+  h  Do  £ 
pz  2s- 


+i  (2cos  -  copj 


t  -/coDz  -3io)nt 

+  h  D  p.e  +  h  Do  c 
pz  0  pz  2/?+ 


+  li  D/-»  f? 
pz  2/7- 


+ZC0pZ 


-z  |2c0p  +  cos  jz 


+  li  D  c  I  n_  6? 

pz 


+ZCOcZ 


+  h  D 


-zco  cZ 


pz  *“/>+ 


+  h  D 
pz  A  P 


-i  (2c0p  -  cos)z  (34) 


15 


*  +7  COc t 

h  e  s 


sz 


~2i(Oat 

D  2«e 


n  +2icdnt  2/cOp? 

+  L  r)  6  +  D  p.  +  D  r)  6  +  □ 

2s-  0  2  p+ 


/  +2?03t-,7 


2  p- 


+□ 


P; 

e  r 

+7  co 


-/C0S+pf  ,  ,  +i(0S+pt  ,  n  ,  ,  ,  +*<0  s-j/ 

s+p+e  s+p-e  s—p+e  s-p-e 

,  *  -703c  f  ,  *  +3703<+  ,  *  +7C0cf  .  *  -?'(  2tOp  -  C0S  \t  *  +7  ( 2t0p  +  cos  \t 

=  h  U  ~  t  e  s  +  /?  Q  n  e  s  +h  B  ne  s+/?U0lev  7  +  /?  U  0  ey  ' 

sz  2  s+  sz  2s-  sz  0  sz  2/7+  sz  2/7- 

*  -7COnf  *  +7  ( 2tOs  +  C0D  )t  *  +703 rJ 

+  /j  D  r.  I  n  I  C7  +h  D  r.1  n  €  +  h  D  r,  „!<? 

SZ  sz  sz  ,s 


*  +i(i)nt 
h  e  p 
pz 


-27COof 

D  e  b 


+'“P,+A  *n 

sz  u  s~p+  sz  S~P~ 

+27tosc  -2/tOpC 

25+ e  ~+D25-e  +L0+n2p+e 

+  □ 


+2703  r\t 

+  P'  e  P 
2/7- 


=  h  0  0  ,  e 
pz  25+ 

* 

+h  _  □ 


-7 


i  *  +7 

+  h  U  ~  e 
pz  2s- 


|2cos  +  tOpjc 


s—p—  e 


i  i  _“°s+p'  +/03s+p^n  -/COs-j/  +/cos_I/ 

5+/7+F  +  ^  5+/7-F  5-/7+ F  +D  -  -  p 

i  ^2cos  -  cop  j/ 


*  +7Conc  *  — 703nc  *  +37Conc 

+  h  U  p.e  p  +  /?  □  0  e  p  +  h  Q1  0  e  p 

pz  0  pz  2/7+  pz  2/7— 

*  -703cf  ,  *  +7  ( 2t0p  +  C0S  j?  *  +7  ( 2t0p  -  C0S  j?  *  +703  ^ 

+/?  U  f ,  n,e  s  +/?  □  n  e  v  ’  +h  0  „  n,  e  v  7  +  h  D  c-n-e  s 

pZ  5+/7+  p^  S+p-  pz  5-/7+  pz  5  p 

For  ease  of  grouping,  let  us  color  each  term  according  to  its  frequency,  writing 

,  ^  ,  n  3/C0c  t  ,  n  +7C0cf  ,  n  -700c7  ,  M  —7 1  2 C0p  +  COg  1 1 

h7(j0  =  /*  0  «  ,  e  s  +  /i  □  0  e  s  +li  B  ne  s  +  /?.  0,  e  '  F  7 
zy2  sz  25+  sz  25-  sz  0  sz  2/7+ 


(35) 


h 7G~  =  /7  01  o  ,  e  .  i_i  0 

*-~2  sz  25+  sz  2s— 

+7  (2t0p  -  C0S  V 


+h  □  0  e 
sz  2/3 


+703  p7 


+  li  U  c  I  n  c?  +  h  LJ  c  n  i  c 
sz  S+P  sz  s  P+ 


-i  (2C0S  -  03p) 


+/7  □  c_n_e  F  +  +h  □  „  e 


sz 


5-/7- 


—703  j/ 


+7  (  2C0S  -  C0Dp  — 7  COn7 

0  c  1  p;  +  h  Une  P 

pz  2s-  pz  0 


-370)nf 


+/i  0  o  ,  e  P  +  /c  U 


+7°W  ,  n  7  (2c0p  +  03s  V  +7C0<+ 

■■  lj  0  e  F  +h  □  n,e  v  7  +/?  □  n  e  s 

pz  2/7-  pz  5+/?+  pz  5+^_ 


pz  2/7+ 


+/?  □ 


-703  J 


pz  -s'-/7+ 


+  h  □  c_  n_  e 


(203p-03s)7 


pz 


5-/3- 


+  h  *□  „  ,  e  ,COs?+/7  *□ 


+3?03e? 


sz  25+ 


sz  Ll  25-' 


.  *n  +7  03SC  ,  *  1 

+  /?  D  ri£  +  h  U  ~  6 

SZ  0  sz  2/3+ 


jjc  ^  COp  t 


+/zsz  ^  5+/7+F  + 

^  i  ( 2cos 

+h  e  1  V} 

pz  25+ 


7  (  2  03p  —  03§  j 

+/  (2cos  +  03p)r 


t  >k  +7  ( 2c0i-»  +  03c 

+  h  D0  e  1  P  1 
sz  2/3- 


+  h  *□  pf  »  +i(2«>s  °>p)' 

sz  SZ  P 


+ 


*  +/con/^  ^ 


lO^rst 


PL  LKXJ  n 

+  /*  0  «  .  e  p  +h  □ 


+3703pC 


+h  *0  s+D+e  +  h  *□  +  e 
pz  s+p+  pZ  s+p 


■f( 


pT^s)‘  .  *. 


+7  (  2  03r<  +  03c  1 1 


+  h  I  c  n  I  6 

pz  S~P+ 


pz  0  pz  2/3+ 

+7'(203p-03s) 


t  ^ 

+  /?  D  c_  n—  € 

pz  s  P 


pz  2/3- 
+7  03  ^ 
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,  n  -3?a>sf  ,  * 

=  h  U  ~  ,e  h  +h  D  0  e 
sz  2  5+  sz  2  5 


+3?C0e? 


i  D0  e+*®s  +/i  □  ne  ?®s'+/7  □  e+'®s'+/7  □_  _,e' 

sz  2  5-  sz  0  pz  pz 


-ioct 


-ia^+hjn  s-p-e+iaJ 


pz 


,  *  -7C0  ot  .  *  +1(£>J  .  * 

+ll  U  ry  ,  e  S  +ll  D  ne  S  +  /?  □  o_I_n_I_e 

sz  2^+  sz  0  pz  S+P+ 

+7C0i-,?  +7COn?  *  +7C0T-/  *  +7COn? 

f-/?  2  .. .  7'  1  !-  h  □  e  1  +/?  0  „  n,  e  ^  +/7  Q  p 

sz  ‘y+/?_  pz  2/7-  sz  5_.P+  pz  0 

ICX)  -d  lCk)-r\t  ^  ZCOnf  ^  lCL)y\t 

+h  \]  s-n-e  P  +  h  D  ne  p  +  h  □  n,e  P  +h  D  0  .  e  p 
sz  s  P  pz  0  sz  S+P+  pz  2/7+ 


* 

+//  I  I  c  I  n  € 

pz  S+P 


+7  |2©p  +  COg  j 


sz 
t 

+  h  Do 
sz  2  p- 


+7  (  2cOn  +  COc  I? 

e  1  P  7  +  h  □  ,+  n+e 
pz  S+P+ 


-i  (2tOp  +  cos  y 


+  h  D 


+h  □  0  e 
sz  2/7- 


+/ 


(2(0p-(0s)f  -i(2o)p-o)s)/  *  -;(2cop  -  cos)/ 


+  h  □  n_  e 
p  z  s  P 


+  h  Do  c 
SZ  2/7+ 


i  u  o  .  e 

sz  2/7+ 

+  h  D  n+  e 
pz  5 


-7-(2cop  +  0)s  j  t 
-i  1 2 o)p  -  o)s  j/ 


+ 


+ 


+ 


+ 


-i 

+  /?  U  r,  n  I  6 

sz  S~P+ 


i  (2cos  -  CDp)  *  +7-(2cos-cOp)r  +i (2cos  -  CDp)r  *  -7'(2cos  -  copV  (37) 

v  J  +  h  □  c_n_e  v  ;  +h  01  0  e  v  ;  ++h  01  0  ,  e  v  ; 

S  z  S  P  pz  25-  pz  25+ 

-3/conr  *  +37tonf 

+/?  U  0  .  e  p  +  h  D0  e 
pz  2/7+  pz  2/7- 

,  -3ia>^t  ,  *  +3/(oer 

=  h  □  o  ,  e  s+/7  Do  e  s 
SZ  25+  sz  25- 

D  *  *3+/  (Do?  D  *  *- 

+  h  D  o_ +!^o  +  h  _  „  I  +  h  D  o  £  +  h  D  ?  n  .  +  h  Do  +  /z  D  o  +  /? 

^  pz  A  "  sz  25-  pz  s+p-  sz  0  J  ^  pz  s-p+  sz  25+  sz  0  p 

+  f/7  D  v+o  +y,  +/7  *□  _  „,+/7  *□  nle+,COpf  +  !'  /7  D  s-n-.  +  h  C  n  +  h  *D  s+r)+  +  h  *D  o 

^  sz  5+/7_  pz  2/7-  sz  pz  OJ  {  sz  s  P  pz  0  sz  pz  2/7+ ) 

(  *  *  \  +7(2cod  +  cos )/  f  \  *~i ( 2cOp  +  COc ) t 

+  \h  D  ?+n  +/z  Do  e  v  p  ;  +  U  j  v,  +//  D  o  e  V  P  7 

^  pz  sz  2/7-J  ^  pz  5+/:,+  sz  2/7+  J 

/  ^  A  +z(2con  -  (os  )r  f  %  \  -if 2cod  -  cos )t 

+  h  D  o  +  h  D  „  n ,  c  V  P  7  +  h  □  ,-„-  +  h  □  0  U  v  p  7 

^  sz  2/7-  pz  ^-P+J  ^  pz  s  P  sz  2/7+  J 


h  *o  )e-i(°st 

pz  ^+/?+  J 


si*  \  i  ( 2  03c  C0-*o  I 

+  1/7  D  -  n,+h  □  o  ^  e  V  W 

SZ  pz  25+ 


+ 1  h  D  c _ n_  +  h  Do  )  c 

sz  5  P  pz  25- 


(203s  -  03p)z 


+/?  Do  / 

pz  2/7+ 


-3/oOpf 


+  /?  Do  e 
pz  2/?- 


+3/o)p/ 


(38) 


17 


Then,  the  spectral  decomposition  can  finally  be  written 

h ,G.=h  □.  e~3i^‘  +  h  *□,  e+3i^‘ 

s  z  2s+  sz  2s— 

f  \  -U/  (\\  t  f  ^  %  \  — /Vi')  t 

+\h  □  _  +h  □  0  +h  □  s-n-  +  h  Dne  s  +  /z  □  n  +  /z  □_  n,+h  □  □  - \e  s 

^  pz  S+P~  s z  2s-  p z  s  P  sz  OJ  [sz  0  p z  S~P+  pz  S+P+  s z  2s+ ) 

+{h  □  s+n  +h  □  9  +  h  *□  „  ,+h  *□  2}  e+mpt  +  (h  □  n  + /*  D5_„_+/z  *□  s+n+  +  h  *□  0  ]e  ^ 

{  sz  S+P~  pz  2 p-  sz  S~P+  pz  0)  y  pz  0  sz  5  P  sz  S+P+  pz  2 p+J 

(  *  *  A  +/(2ood  +  oos  )f  f  \  -/(2ooD  +  oosp 

+  \h  □  _  +h  Q0  U  V  ’  +\h  □  +  h  □  0  Ae  v  p  ’ 

y  pz  s+p~  sz  2 p-J  y  pz  ^+7^+  sz  2p+  J 

(  *  A  +/(2cod  -  cos  )r  (  *  \  -z(2coD  -  cos )t 

+\h  □  ,n,+/z0o  \e  v  p  J  +\h  □  v_77_  +  /z  □  -  \e  V  P  ’ 

y  pz  s~p+  sz  2p-  ^  pz  s  P  sz  2p+ ) 


(  *  *  A  "TZ  ( ■“ 

+  \  h  D  e  i  n  +  h  D  c 

I  pz  5+79-  sz  2p-  J 


n  U  c  n  ,  +  n  U  o 
f  pz  5_P+  sz  2p- 

+  I  ll  '  D  r,  I  n  +  h  □  0 

f  sz  s+p~  pz  2s- 


yi(2op-o>s)f  /  *  'I 

P-Je  t  pz  s~P~  sz  L  2;^+Je 

1  e+i(2“s  +  »P>  7  V"i(2“S+“P)' 

is-  J  ^  sz  5+P+  pz  2s+  j 

V+,'(2“s->)'+r  *□  yi(2“s-“p) 

i-J  {  sz  s~p+  PZ  2  s+)e 


°s  0)p  Y 


f  *  \  +i  (2cos  -  (oD)t  f  *  \  -iu 

+  h  □  s-n-  +  h  □  0  e  v  p/  +  h  □  „  n.+h  U  ~  Ae  v 
^  sz  s  P  pz  2s- J  y  sz  S~P+  pz  2 s+  J 

3/(Onf  ^  "F  3/o)nf 

1  e  p  +h  □  0  e  p 

pz  2 7;+  pz  2p- 


+h  _□ 


—  r  •  —  / 

Because  we  are  interested  only  in  the  components  that  arise  from  mixing  of  the 
we  solve  for  the  sideband  (intermod)  responses  only: 


pump  and  signal, 


/  _-\2r  r  -lJ  3’sp2p’^ 

a  Tr  ^  sideband  +  V3  sideband  2 


^3,sm2p,+^ 


-i  co  +2co  \t  +i\  co  +2co  \t 

Is  p;  ,e  .Is  p; 

3,sp2p,- 

-/  co  -2co  \t  +i\  co  -2co  u 

Is  V)  «  Is  pj 

I  Jr)  r%  C 

3,sm2p,- 


where 


iSo  -  ll  I  r  I  I-J  I  +  ll  I  I  -  ll  12  r<_|_  1-J  I 

3,s+2p,+  pz  ^+P+  sz  2p+  pz  S+P+ 

^  ^ 

jSq  a  —  h  □  o  1  pj _ h  D  a  —  h  D  nj_  pj _ 

3,s+2p,-  pz  S+P  sz  2/^-  pz  S+P  (Z 

*  * 

S ?  0  ,  =  ll  □  o_n,  +  /Z  □  0  =  ll  □  o_TV, 

3,s-2p,+  pz  s  P+  sz  2/j-  pz  s  P+ 

* 

S o  0  =  h  □  c_n_  +  ll  □  0  ,  =  h  □  o  n_ 

3,s-2p,-  pz  s  sz  2 77+  pz  s 

Let  (7  .  ,  =  Go  o  ,  +  Ca  O  +  G,  o  ,  +  o  •  Then  for  the  upper  sideband, 

^3  sideband  ^3,sp2p,+  ^3,sp2p,-  ^3,sm2p,+  ^3,sm2p,- 

we  have 


Let  (7  . 

^  A)  cir 
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9 


2,s+p  2 


Y  Y 
Y 

V2(0B  J 


>2,s+p,+  ?cos+p? 


03  s+p  *aco  s+p 


*2,s+p,-  ^+?cos+p? 


+  03  s+p+  ?a®  s+p 


hs?(hPx  +  lhv  y ) 

\z  (hvx  lhv y) 

(‘  -  5  s+p- ia£>  s+p)(l  -  ^  p- ia^  p) 

z©s+pZ 

(l  +  ^s+p+'^s+p)(l  +  ^p+i^p) 

+ 

K 

"  tY 

+ 

>  c  ~\~ < 

^p-  f  7SA  “  +V  ) 

(l-^s+p-^s+p)(l-^s-za^s) 

(l  +  ?s+p+ia4s+p)(l  +  %s+i“?s) 

+/®s+pr 


Y  Y 


2  r 


Y2®£Y  L 


?COs+p?  +iCDs+p? 

^  s+p+e  s+p-e 


_.  _  Y 
3,s+2p  2 


5 


Y  A 
Y 

v2®#; 


!>3,s+2p,+  e“?’®s+2pr 


53,s+2p,- 


oo  D  —  co  ~  —  zaoo  ^ 
£  s+2p  s+2p 


+Z"  GO  r*.  t 

s+2p 


00  D  +  CO  ^  +  ZOCCO 

B  s+2p  s+2p 


Y  Y 

2 

h 

Y 

P  z 

2ood 

Y  B  J 

03 B  “®  s+2p~ 

'  s+p+e 


-/®s+2p' 


_ Ei _ □  _e 

oo  „  +  oo  . «  +  zaoo  *  s+p- 


+/®s+2pr 


JB  ^ ™  s+2p  ™  s+2p 


^pc  #scC0S(P 


Y  Y 
Y 

V2®5Y 


■^p c  #scC0S(P 


s+2p-'a^  s+2p)( 

1-^s+p-ta^s+p) 

z 

- e 

l(l-^s-^s) 

(1  +  iY+2p+''aiY+2f 

,)(i+i;s+p+ *'<*£,  s+p) 

i 

|(l  +  Ss+ia£s) 

— i 

(1~iY+2p~,'<+s+2p)( 

+  T - 

i-^s+p-'^s+p) 

z 

((l-^s-zo^s) 

- t 

-zoo  ,  0  Z 
s+2p 


+/®s+2pr 


s+2p 


+/®s+2pr 


Likewise,  for  the  lower  sideband,  we  have 
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G ,  =-l 

y2,s-p  2 


^2,s-p,+  _iCOs-p? 

- - - e  r  H - 


C05  CO  g_p  £OCCD  ^_p 


2,s-p,-  +/ws_p? 


CO^^  +  CO  ^  p  +  iCXCO  g_p 


Z'  A 

Y 

V2(D£Y 


Y  '\ 
Y 

v2®#; 


* 

hs  z(  V  +  lbv y ) 

\z  (V  lhpy ) 

(l  -  £,  s_p-  iat,  s-p) (l _  p+  p) 

hpz  _  ^SY ) 

Z03s_p^ 

>e  r  +  < 

(l  +  ^  s_p+  za£,  s — p) (l  +  ^  p+  p) 

^pz(^sv + 'b$y ) 

+Z03  s_j/ 

>  e  r 

(i  “  ^  s — p  ?a4  s-p)(^ +  ^  s-  ?a4  s) 

(l  +  ^  s-p+  za^  s — p) ^  s+  ?a4  s) 

*©s-r/  ,  r ,  +i®  s-r/ 

^  s-p+e  s-p-e 


^2,s-2p  2 


?3,s-2p,+  _/®s-2pr  ^3,s-2p,-  +/®s-2p^ 

- - - e  r  H - - - e  r 


03  r)  03  r\  ICLCd  r\ 

B  s-2p  s-2p 


03  D  +  03  /->  +  ZCCG3  /-> 

B  s-2  p  s-2  p 


Y  S 

K> 

1 

Y 

203  D 

Y  B  J 

Y  A 
Y 

v2®^ ; 


* 

h  □ 


pz  u  S~P+  “'ms-2p' 


h  D  c — r\ — 

pz  s  P 


03  r>  03  Z01G3  r» 

is  s-2p  s-2p 


+Z"  03  r\  t 

s-2p 


^pc  -^scCOS(P 


03  D  +  03  /->  +  ZCCG3 

B  s-2  p  s-2  p 


-z 


1  ^s-2p  ?Ct^s-2p  ^s-p  /ct^s-p)(1  +  ^s  ?  a4  s) 


—ZOO  0  f 
s-2p 


+z"  03  /->  ^ 

s-2p 


t1  +  ^s-2p  +  /a^-2p  jl1  +  ^s-p  +  /a^s-p )(! -  S  s+ /a^  s) 

These  expressions  are  the  ones  used  in  reference  1 . 


(43) 


5.  Conclusion 


The  complexity  of  these  results,  even  for  the  idealized  geometry  chosen  here,  makes  them 
problematic  for  use  in  deciphering  experimental  data  from,  e.g.,  pump  illumination  by  a  moving 
airframe.  Nevertheless,  the  effort  could  be  worthwhile  if  the  signal  returns  were  strong  enough. 
Unfortunately,  as  reference  1  shows,  this  requires  very  high  levels  of  pump  power  even  over 
short  distances. 
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